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These are my notes on the seminar “Infinite Ramsey Theory”, taught by PROF.
DR. ALEKSANDRA KWIATKOWSKA in the summer term 2024 at the University
Miinster.

Warning 0.1. This is not an official script. The official notes can be found
here.

If you find errors or want to improve something, please send me a message:
lecturenotes@jrpie.de.

1 A Couple of Proofs of the van der Waerden
Theorem

15¢ talk, A. KWIATKOWSKA, 2024-04-08

2 The Polynomial van der Waerden Theorem

27d talk, R. SULLIVAN, 2024-04-15

Definition 2.1. We say that p € Z[«] is iNtEgRaL" iff p(0) = 0. -

%n the paper, they were called integral, but this is clearly bad name.

Theorem 2.2 (Polynomial van-der-Waerden). Let pi (), ..., pm(x) be iN-
tEgRal polynomials. Let k£ > 1. Then there exists N > 1 such that for any
k-colouring of [N], there exist a,d # 0, such that a,a+p1(d),...,a+pmn(d)
have the same color.

The classical van-der-Waerden can be recovered by setting p;(x) = j - z. Clas-
sical van-der-Waerden is also called linear van-der-Waerden.

Remark 2.2.1. This is not true for p(x) with p(0) # 0 : Let p(z) =2z +1
and colour N, by parity.

Originally, Theorem 2.2 was proved using ergodic theory. We will use similar
techniques of the proof of classical van-der-Waerden. Recall: Color-focussing,
double induction.

Definition 2.3. Let P = {p1(z),...,pm(z)} be a set of iNtEgRal poly-
nomials. We say that be Z™ has focus ae Z if 3d # 0. V1 < j < m. b; =
a + pj (d)

Remark 2.3.2. Note that this is the other way round to last week’s proof.

2 THE POLYNOMIAL VAN DER WAERDEN THEOREM 3


https://sites.google.com/site/akwiatkmath/teaching/infinite-ramsey-theory

For sets of polynomials P, it is not clear what “next” means.

Definition 2.4. Let P = {pi(z),...,pm(z)}. Fix a k-coloring of [N]. Let

bi,...,b, € [N]™. We say by,...,b, are color-focussed at a € Z if
e a is a focus of each b; and

e cach b; is monochromatic and the b, are of different colours.

Proof of Theorem 2.2 (Walters (987)) We will first do the case of p(x) = 2.
For classical van-der-Waerden the strategy was to do

(i) an outer induction on the length of the arithmetic progression and
(ii) an inner induction using colour-focussing and blocks.
Since we only consider one polynomial, it suffices to do (ii).

We show, by induction on 7 :

VY0 < r < k. AN. Yk—colourings of [N]

(1)

3 monochromatic {a,a + d*} or 7 colour-focused {a + d? }o<i<, together with focus(2)

The cases r = 0,1 are trivial.

Let r = 2. Let N witness Equation 2 for n = 1. We apply the same idea as
in the linear van-der-Wareden. Use the induction hypothesis to get identically
coloured blocks of size N and find blocks correctly located so that we can do
“Jumps”.

We want f, A, u, ¢(z) such that

f+p(A) =aq,
f+p(p) =a+p(d) + Ng(t).

So q(t) = +(p(r) — p(N)). If this is iNtEgRaL and linear, we can use linear
van-der-Waerden for this. So take u = Nt + d, A = Nt,

() = < (PNt + d) — p(N1) = 2.
Problem: d depends on the particular colouring of the block B and can’t be
fixed in advance. However, we know that d is bounded (d < N). So use linear
van-der-Waerden with the last term of the arithmetic progression < s + 2Nt.
Once we look in By and know d, we can fix ¢(t) = 2dt and then find B,
coloured identically to Bs.

So we are now basically done: Given N take N’ large enough using linear van-
der-Waerden to guarantee that By, Bs¢, ..., Bs1on: coloured identically where
each block is of size V.
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There is one small issue: maybe f = 0. But there is an easy fix:

Everything we did was translation invariant. f = a — p(Nt), t < N’. So take
N’ + p(N - N').

For general r, for each a + d? use qq,(t) = 2d;t.

2

The only place where we used p(xz) = z*, was when applying linear van-der-

Waerden.

In the general case we need to set up some induction. O

Definition 2.5. Let W be the set of sequences in N+ having only finitely
many non-zero entries. Let P be a finite set of iNtEgRal. polynomials.
The weight-vector w(P) € W is the sequence where w(P); is the number
of distinct leading coefficients of polynomials in P of degree i.

We put a linear order on W, the colex order!, as follows: w < w’ if 3i. w; <
w; AVj >i. w; = w). This is a well-order.

Lemma 2.6. Let P be a non-empty set of iNtEgRal. polynomials. Let
p1(x) € P be of minimal degree.

Let P':= {p(xz) — p1(z) : p € P}. Then w(P’) < w(P).

Proof. If degp > degpy, then p — p; has the same degree and the same leading
coefficient.

If degp = degp; and they have distinct leading coefficients, then degp — p; =
deg p and the number of distinct leading coefficients stays the same.

If deg p = deg p; and the leading coeflicients agree, then the number of distinct
leading coefficients decreases. O
Continuation of proof of Theorem 2.2 (Walters (987)) We do outer induction
on the weight vector and inner induction using color focussing.
Outer induction (on w unsing colex):
Yw € W. VP finite set of iNtEgRaL polynomials py(z), ..., pm(z)
with w(P) = w.
Vk = 1. AN = 1. Vk-coloring of [N]. Ja,d # 0.
{a,a + p1(d),...,a+ pn(d)} is monochromatic.

Let P have weight vector w. Let k > 1. We can assume p; # 0.

Lco-lexicographic
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Inner induction (on r):

Y0 < r < k. AN. Vk-coloring of [N].

e there exist a,d # 0 such that a,{a + p;(d)}icj<m lies in [N] and is
monochromatic or

e 37 color-focused tuples by, ..., b, all in [N] and focus a.

The case r = 0 is trivial. Let N satisfy the inner induction hypothesis for r — 1.
We'll find N’ for r.

Let dpax be the maximal d such that there exists a € [N] with V5. a+p;(d) € [N]

Such a dpax exists as for any polynomials p(x), lim p(z) = too.
r—0

Wilog. p has minimal degree in P. For 1 < j < m, 0 < d < dmax, let g q(z) =
+ (pj(Nz + d) — p1(Nx) — p;j(d)). Then each g;q is an iNtEgRaL polynomial
and the set {g; ()}, q has a strictly smaller weight vector than P.

So using the outer induction hypothesis for N’ large enough, we divide [N'] into
blocks of size N and we are guaranteed identically colored blocks Bs, By, ,(t)s
where 1 < j < m and 0 < d < dpax. By the inner induction assumption, By
contains 7 — 1 colour-focused tuples b1, ..., b,_; and their focus a, where a is of
different color to b1,...,b._1.

Write b; = (a + p;(di))1<j<m-
Claim 2.2.1. (a+ Ngjo(t))1<j<m.

{(bij + Ngja,(1));}i
are colour-focused at a — p1(Nt).

Subproof. Check the algebra. ]

3 Galvin-Glazer

3'4 talk, S. KAWAMOTO, 2024-04-22

Theorem 3.1. For every finite coloring of N, there exists an infinite se-
quence such the finite sum of elements of the sequence are monochromatic.

For the proof we will construct a semigroup of ultrafilters (YN, ) from (N, +)
such that this is compact, Hausdorff, = is associative and U — U =) continuous.
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3.1 Semigroups, idempotents and ideals

Definition 3.2. A nonempty semigroup S with a compact and Hausdorff
topology, such that @ — s is continuous for all s € S is called a (right)
compact semigroup.

Definition 3.3. An idempotent is an element 2 € S such that 2% = .

Lemma 3.4 (Ellis). Every compact semigroup contains an idempotent.

Proof. By Zorn’s lemma, there exists a S-minimal compact sub-semigroup R.

Take a € R. Then Ra is a compact semigroup and Ra S R, hence Ra = R.
Define P := {x € R : za = a}. Since Ra = R, P is non-empty. Then P is a

compact right semigroup, hence P = R by the minimality of R. In particular

a€e P, soa®=a. O

Definition 3.5. A nonempty I < S is called
e a left-ideal in S iff ST < I,
e aright-ideal in S iff IS < I,

e a two-sided ideal in S iff it is a left- and a right-ideal.

Observe. 1. For all x € S, Sz is a closed left-ideal.

2. A minimal left-ideal is closed.

Definition 3.6. For z,y € S, welet z <y : <= z = zy = yx.

< is transitive and symmetric. Also z < x iff x is an idempotent. So < defines
a partial ordering on the set of idempotents in S.

Lemma 3.7. For an idempotent y and a closed left-ideal I, there exists
z € Iy idempotent, such that z < y.

Proof. Iy is compact left-ideal. In particular, it is a right compact semigroup.
So by Ellis’ Lemma (3.4), there exists an idempotent v = wy € Iy. Put x :=
yv = ywy. Then 2* = yw(yy)wy = y(wy)(wy) = ywy, vy = ywyy = ywy = x
and yr = yywy = ywy = x. O

Lemma 3.8. An idempotent is <-minimal iff it belongs to a minimal left-
ideal.
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Proof. “ <=7 Let I be a minimal left-ideal and y be an idempotent. Given an
idempotent = with x < y, we need to show x = y. Sincex <y, x =xye [y = 1.
Hence y € Iz = I. Choose z € I such that y = zz. Then z = yxr = zzx = 20 =

Y.

“

=" Let y be a minimal idempotent. Take an arbitrary minimal left-ideal
I. By Lemma 3.7, there exists an idempotent x € Iy such that x < y. But then
x = y by minimality of y and Iy is a minimal left-ideal. O

Corollary 3.9. Any two-sided ideal contains all minimal left-ideals.

Proof. Let J be a two-sides ideal and y a minimal idempotent. Then by the
lemma, there exists a minimal left-ideal containing y. We have ¢J # JI <
InJc I, soby minimality of I, JnI=1,ie. I C J. O

Corollary 3.10. Let a be a minimal idempotent.
1. Sa is a minimal left-ideal.

2. aSa is a group.

Proof. 1. omitted.
2. a € aSa, since a is an idempotent. Clearly a is an identity.

Left-inverse: Let x = asa € aSa. We have x € a5, so Sz < Sa. By 1. it
follows that Sa = Sz. In particular, it follows that a € Sx. Let a = tx. Put
y = ata. We have yx = atax = ataasa = atasa = atr = aa = a.

The left-inverse is also a right-inverse.

3.2 Ultrafilters

Definition 3.11. A nonempty set S with a partial map *: S? — S with
associativity is called a partial semigroup, i.e. whenever one side of the
equation is defined, then both are defined.

An adequate partial semigroup (somtimes also direct partial semi-
group) S satisfies

VneN. Vxg,...,z, €S. Yy e S. y # x;and z; » y are all defined.

Definition 3.12. Let (.5, *) be an adequate partial semigroup. We define

7S = {Uultrafilter on S : V. (Uy)x » y is defined}.

3 GALVIN-GLAZER 8



Consider the topology on 7S generated by basic open sets of the form
A={Ue~rS:Ael}, ACS.

This turns S into a compact Hausdorf-space.

Extend x to 4.5, by letting

UxV ={AcS: Ux)(Vy)z*+ye A}.

Fact 3.12.3. 7S is closed under *, (7.5, ) is associative and U — U » V is
continuous, i.e. (S, *) is a compact semigroup.

Corollary 3.13. If S is a compact right semigroup that has no idempotent
or is left-cancellative, then (7.5, ) has a non-principal idempotent U €

~¥S\S.

Definition 3.14. A (finite or infinite) sequence {z,,» S S of pairwise dis-
tinct ; is called basic if for ng <ny < ... < ng, Tp, * .. * Ty, is defined.

Given a basic sequence (z,,), we define [X] = {x,, * ... * Tp, }.

Theorem 3.15 (Galvin-Glazer). Given an adequate partial semigroup S
such what S has no idempotents or is left cancellative, for any finite coloring
of S, we can find a basic sequence {(z,,), such that [X] is monochromatic.

Proof. We want to find S2 Py 2P, 2... and z, € P,.
By Corollary 3.13, there is U € 45\S idempotent.

Let S = |_|f:1 S; be the finite coloring. Choose ¢ such that S; € U and
set Py == S;. Since Py € U = U U, we have (Uy)(Ux)z xy € Py, so
{yeS: Ux)xxye Py} nPyeU. Pick zg € An F.

A

Let Py :=FPyn{yeS:zo*ye P}. Again P, e Y = U U and we continue in
a similar way.

We claim that z,, * ... *x x,, € P,,. For k = 0, this is trivial. Assume now
that the assertion holds up to K — 1. Then z := x5, *...xx,, € P,,. By the
definition of P,, € P, 11, We get x,, *x T € Pp,.

O
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4 Gowers’ Theorem

4% talk, J. PIeTSCH, 2024-04-29

Gowers’ Theorem is a variant of the Galvin-Glazer Theorem (3.15) for the fol-
lowing partial semigroups, which have some additional structure:

Definition 4.1. For £ > 1 let

FINy .= {f: N— {0,...,k}||supp(f)| < o0, k € f[N]},

where
supp(f) = {n € N|f(n) # 0}.

Let +: FINg x FIN; — FIN;, denote the pointwise addition of disjointly
supported elements. This turns (FINg, +) into a directed partial semi-

group.
The map
T: FINy — FINg_;

. N — {Oa7k_1}
(f_NH{O,...,k})»—><n . max(f(n)_m))

is called the tetris operation.

Instead of basic sequences (cf. Definition 3.14) we consider so-called block se-
quences:

Definition 4.2. A block sequence is a (finite or infinite) sequence {b,}
with b,, € FIN}, such that max(supp(b,)) < min(supp,,,,) for all 4.

Given a block sequence B = {b,,}, the partial subsemigroup generated
by B is defined to be

k
(B) = {Z T™ (by,)|Ino < mq < ...ng,3i. m; = 0}.
i=1

Now we can state the main theorem:

Theorem 4.3 (Gowers, 1992). For every finite coloring of FINy, there
exists an infinite block sequence B, such that (B) is monochromatic.

For the proof we again use ultrafilters. As in the previous talk, we consider the
semigroup (yFINg, +), where

vFINy, == {U € BFIN}, : Yo € FIN, . (Uy). « + y is defined}

4 GOWERS’ THEOREM 10



and + is extended to v FINy by letting

U+V:={ACFIN,: Ux)Vy). z+ye A}.

Note that in this setting, v FINy can be more explicitly described as
~FIN, = {U € SFIN}, : Vn e N. (Uz)supp(z) n {0,...,n} = J}.

Thus v FINy, is also called the set of cofinite ultrafilters.
We extend the tetris operation to T: vy FIN; — v FIN;_1, by

T(U) = {A S FIN,_, : (Uz)T(z) € A}.

Lemma 4.4. T': vFIN, — v FINg_; is a continuous, surjective homomor-
phism of semigroups.

Proof. Clearly T is surjective. Let A € FIN,_; and let A = {{/ € yFIN,_;|A e
U} be the corresponding open subset. Then
T '[A] ={V e yFIN, |(Vz)T'(z) € A}
= {z € FINy |T(x) € A}.

Furthermore
TUA+V)={ASFIN,_1: (U + Vx). T(z) € A}
={A S FINg_1 : Uz)Vy). T(z +y) € A}
= {ASFINy1 : Uz)(Vy). T(x) + T(y) € A}
={A S FINy—1 : (TU)P)(T(V)q). p+ q € A}
=TU)+T(V).

O

As in the proof of the Galvin-Glazer Theorem (3.15) we want to use an idempo-
tent ultrafilter. However in order to take care of the tetris operation, we need
to construct a sequence of compatible idempotent ultrafilters as follows:

Lemma 4.5. There idempotent ultrafilters Uy, € v FINg, k € N such that
for all j > 4:

o U; < U and

° Tjii(u]') =U;.

recall that U <V :ie—=— U+ V=V +U=U

4 GOWERS’ THEOREM 11



Proof. We construct the sequence recursively. We find U; be applying Ellis’
Lemma (3.4) to v FIN;. Suppose that U, ... ,U,_1 have been chosen. We need
to find a suitable Uy. Let

Sk = {X € FIN;C |T(X) = kal}.

Claim 1. Sy + Ui_1 is a compact subsemigroup of v FINg.

Subproof. For X,) € Sy we have

) X, YeSk

T(X + U 1+ Y U + U1 + Uy,

uka

U <Up—1

hence (X +Uk—1)+ (Y +Uk—1) € S +Uy—1. Sk is compact, since T" is continuous
and Sy + Ux_1 is compact, since + is right-continuous. ||

By Ellis’ Lemma (3.4) we find an idempotent V + Up_1 € Sk + Ux—1. Set
Uy ==Ur_1 +V +U_1. Then

T(Z/[k) = T(Z/{k_l) + T(V) + T(Z/{k_g)
= U—o +Up—1 + U2
uk—li“k—? Up 1,
Uy, is idempotent since
U, = U1+ V + U1

V+UK—1 id tent
ko1 Sompoten U1+ YV +U 1+ YV + U1

U 1 +V +Up 1 +Ue 1 +V + U
= U + Uy,

Uy —1 idempotent

and for | < k we have

U + U = U 1 +V +U_ 1+ U

Ui 1<

S YV U = Uy,
hence Uy, < U. O

Proof of Theorem 4.3. Fix U,,n < k as in Lemma 4.5.

Let Ag be the piece of the partition such that Ag € U. We define a sequence
Ap 2 A; 2 Ay 2. with A; € Uy and a block sequence {x;} such that

(i) Vi. z; € A; and
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(i) V1 < 4,5 < n. (Upa)[T* () + TF9 (z) € AZD)]

where Al := TF"1[A,].

We do this inductively: A suitable zq exists, since for all ¢ < j < k
(Upz). x € Ag

— (TF 9 (Uy)z). x € A}

— (Ujz)ze A

— (U +U;)z)z € A}

— (Ujz)(Uiy)z +y e A)
) Uiy) T (2) + T (y) € A

N

and similarly for j < i, i.e. U-almost all x € Ay work.

Suppose that Ay, ..., A, and zg,...,x, have been chosen. Let
Chi = {x € FIN, [TF (x,,) + TF 7 (z) e Amax(d)},
We have CJ,7 € Uy, by (i), so Apy1 = Ap 0 (), ; Ch7 € Uy
Note that
W) (@€ Ania) A Usy). V1< 0,5 < b T () + THi(y) € A7>D))
80 Ui-almost all x can be chosen as z,,11.

Claim 4.3.1. {{x,}) is monochromatic.

Subproof. We show by induction on p, that
TF o (2,) + ... 4+ T (Tp, ) +ye Anrs L
for all ly,...,l, <k, ng <na <np_1,y € Ai{’p.
The case of p = 0 follows from the condition (ii).
Suppose we have shown the statement for p — 1. Write

TF 0 (2y) + T 1 (20,) + o+ TF o (2, ) +y

=y’

By the induction absumptlon we know that 3 € An , where [ := max;~gl;.
Hence there exists y* € A, such that ' = T*~!(y*). Since y* € Clo!

no’?

kalg(l,no) +kal(y*) e Ayx{loaxli.
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Corollary 4.6 (Hindman). For every finite coloring of FIN;, the set of
finite subsets of N, there exists an infinite block sequence B, such that
(B), i.e. the set of unions of a finite, positive number of elements of B, is
monochromatic.

Recall that ¢y is the Banach space of real sequences (z,,)neny with lim z,, = 0

n—0o0
and [[(zn)nen| = sup,ey [2n|. Let S = {z € Sc,l|z| = 1 A Vn. z,, = 0} denote
the positive part of the sphere of cg.

We can view FINj as a d-net in S7 in the following way:

Let 6 be such that § = W. Define

q)kl FIN[O’]C] I S;ro
N — R

0 otherwise,

where FIN[g ) = Uf:o FIN,. Let A := &, [FIN.]. Note that the tetris opera-
tion corresponds to scalar multiplication in the sense that if A € R and x € FINg
are such that A®(x) € ®[FIN;] for some [ < k, then A®(x) = &, (T*!(z)).

We obtain:
Corollary 4.7. For every 0 < ¢ < 1, there exists a d-net A in S such

that for every finite coloring of A, there exists an infinite dimensional block
subspace X of ¢y, such that X n A is monochromatic.
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